Abstract: In this work, we focused mainly in the analysis of stability of a non-endoreversible Curzon-Ahlborn engine working in an ecological regime. For comparison purposes we also include the Maximum Efficient Power (MEP) regime taking into account the engine time delays. When the system's dynamic stability is compared with its thermodynamics properties (efficiency and power output), we find that the temperature ratio τ = T 1 /T 2 represents a trade-off between stability and energetic properties. When we take the non-endoreversible case, τ can increases to values greater than R (where R is the non-endoreversible parameter) but not greater than one. We reformulate an important difference between this case and the other two, Maximum Power (MP) and MEP regime, in which τ = R. Finally, we demonstrated that the total time delay does not destabilize the steady state of system. It does not seem to play a role in the dynamic thermodynamic property trade-off.
Introduction
It is well known that the universal validity of the maximum Carnot efficiency η C = 1−T 2 /T 1 ≡ 1− τ for any reversible heat engine operating between reservoirs at temperatures T 1 and T 2 (T 1 > T 2 ) has little practical relevance since it applies to zero-power output heat devices. On the contrary, real heat engines work at nonzero power and evolve along irreversible paths coming from finite-time and finite-size unavoidable constraints. In 1975, Curzon and Ahlborn [1] introduced a Carnot-like thermal engine in which there was no thermal equilibrium between the working fluid and the thermal reservoirs at the isothermal branches of the cycle. Curzon and Ahlborn (CA) demonstrated that such an engine delivers nonzero power, a positive entropy production and has more realistic efficiency than that the Carnot engine.
The efficiency of a CA engine in the performance of maximum power is given by η CA = 1−
. We can thus conclude that the CA engine is a better approximation to real engines than the Carnot engine. This seminal paper led to the establishment of a new brand of irreversible thermodynamics, known as finite-time thermodynamics (FTT), which has been developed during last decades [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] .
Most of the studies of FFT systems have been concerned with their steady-state energetic properties, which are important from the point of view of design. The steady-state operation regime ought to have optimal thermodynamic properties: high power output, also high efficiency, low entropy production, etc. In some models heat leak [12] [13] [14] and internal irreversibilities [15, 16] are considered. An irreversible model with heat resistance, heat leakage and internal irreversibility with different heat transfer laws was studied [17] [18] [19] [20] . On the other hand, only a few of these studies have dealt with the system's dynamic properties, such as the response to a noisy perturbation or the stability of the system's steady state. The robustness of a system can be manifested itself in one of two different ways: either the system returns to its current dynamics attractor after perturbation, or moves to a different attractor that maintains the system's function.
Although both dynamics robustness and energetic properties should be taken into account when building an energy-converting systems, there have been a few studies analyzing both. Santillán et al. [21] studied an endoreversible CA engine working at maximum power regime and found that a good design implies a trade-off between dynamics robustness and optimal thermodynamic properties. Afterwards, Guzmán et al. [22, 23] extended this study considering different heat transfer laws. Recently, an interesting study was presented where dynamic stability versus thermodynamic performance in a Brownian motor were analyzed [24] .
One of central questions addressed in FFT is to identify optimal procedures for different objective functions. Originally Curzon and Ahlborn proposed to optimize the power output but some other different functions had been proposed. One of this criteria introduced in 1991 by Angulo [25] was called the ecological function, which is the main objective function, given by:
where P is the power output of the cycle, σ is the total entropy production (system plus the surroundings) per cycle, and T 2 is the temperature of the cold reservoir. Several papers of ecological performance for irreversible engines have been written [26] [27] [28] [29] [30] [31] . When we use this criteria of optimization, the power output satisfies P Emax ≈ 3/4P Pmax , and the entropy production is σ Emax ≈ σ Pmax /4. These were the reasons that it was called ecological function. Another important property of optimal ecological regime is that the efficiency can be expressed as,
This paper presents an analysis of the dynamic robustness of a non-endoreversible thermal engine when it operates at two different operation regimes, i.e., maximum ecological regime and maximum efficient power [32] , instead of the power-like regime used by Paéz-Hernández et al. [33] , in order to obtain certain qualitative relations between the dynamical stability and the thermodynamical properties at these different operation regimes. The paper is organized as follows: Section 2 presents the properties of the non-endoreversible Curzon-Ahlborn engine in steady-state condition. Section 3 presents a brief general analysis of the stability theory when we have fixed points. Section 4 presents the stability analysis of the non-endoreversible Curzon-Ahlborn engine under small perturbations. In Sections 5 and 6 we discuss some numerical results and Section 7 presents some concluding remarks.
The Steady-State Properties of a Non-Endoreversible Curzon-Ahlborn Engine
In Figure 1 , a schematic diagram of a non-endoreversible Curzon-Ahlborn engine is presented. This model is a Carnot-like engine but it is modified. It works on irreversible cycles and exchanges heat irreversibly with external thermal reservoirs at temperatures T 1 and T 2 , respectively, at the hot branch and the cold one (i.e., T 2 > T 1 ). In the steady state, working temperatures arex andȳ, where T 1 >x >ȳ > T 2 (hereinafter overbar is used to denote steady-state variables). The flows of heat from T 1 tox and fromȳ to T 2 are modeled by Newton heat transfer laws, with a heat conductance denoted by α. 
The inner part of engine works in an irreversible cycle, then, from Clausius theorem
this expression can be re-written as equality as follows:
where 0 ≤ R ≤ 1 is a constant that measures the level of internal irreversibility; the smaller the value of R, the more irreversible the inner Carnot-like engine. The system's steady-state power output can be written as,
and the efficiency as,η
Solving forx andȳ from Equations (3) (4), (6) and (8) we get,
where τ = T 2 /T 1 . On the other hand, the efficiency of a non-endoreversible Curzon-Ahlborn engine working at maximum ecological conditions is [34] ,η
By substitution of this expression into Equations (9), (10) we found,
Now, by solving for T 1 and T 2 from Equations (12) and (13) we obtain,
By combining Equations (3), (8), (11) and (12), it is possible write the system's steady-state power output as,P
Finally, if Equations (14) and (15) are substitute in Equation (16), we get,
Power output in terms ofx andȳ, recall that these are not independent variables.
Dynamic Equations of a Non-Endoreversible Curzon-Ahlborn Engine
Consider again the endoreversible Curzon-Ahlborn engine of Figure 1 . Now the reservoirs x and y are not real heat reservoirs but macroscopic objects with heat capacity C, and their temperatures change according to the following differential equations:
Both of these derivatives are null when x, y, J 1 and J 2 take their steady-state values. x π/2 and y π/2 denote variables x and y delayed a time π/2, respectively, and π is the period of non-endoreversible Curzon-Ahlborn engine cycles. These time delays are included because each isothermal branch cannot have information of the other branch immediately but only have the value it had half a cycle ago. Equations (18) and (19) are only possible for huge time scales, as compared to the thermal engine period. That is because x and y are the respective temperatures of the working fluid at hot and cold isotherms of the inner Carnot cycle, and they are not well defined at all times. In spite of that, if π is brief according to cycle time scale, the problem can be dismissed by assuming that x and y take constant values along the whole cycle.
On the other hand, Equation (7) comes from first law of thermodynamics while Equation (8) is the definition of efficiency. Therefore, they can be assumed valid out of the steady state. Relation (6) is more complicated because all internal irreversibilities are included in the factor R and these in principle are strongly non-linear, often dependent on temperature derivatives. But the purpose of this work is only to qualitative analyze and understand the intrinsic properties of machines in agreement with structural theory [35] . Then, at a first approximation we assume that Equation (6) is also valid out of the steady state. Based on this hypothesis it is possible to write the following expressions for J 1 and J 2
Also, it is possible to consider that P , out of but close to steady state, depends on x and y in the same way asP depends onx andȳ; that is
Equation (22) represents the regime defined as the maximum-ecological-like regime.
Local Stability Analysis
Let f (x, y) and g(x, y) be defined as,
with
(26) The steady-state solutionsx andȳ are couples (x,ȳ) that simultaneously satisfy f (x,ȳ) = 0 and g(x,ȳ) = 0.
Following Strogatz [36] , the steady-state local stability is determined by the eigenvalues of the Jacobian matrix:
where
Let λ 1 and λ 2 denote the Jacobian matrix eigenvalues, and let − → v 1 and − → v 2 be their respective eigenvectors. The temporal evolution of small perturbations from steady state, δx and δy, is given by
where, c 1 and c 2 are constants to be determined from initial conditions. Then, it follows from Equation (32) that the steady state is stable if both eigenvalues have negative real parts. In particular, if the two eigenvalues are real and negative, the functions δx and δy converge to zero monotonically. In this case, we call the steady state a stable node. Let Ξ and Δ denote the trace and the determinant of the Jacobian matrix respectively, i.e.,
The eigenvalues can then be calculated as
Since R and τ are positive constants f x , g y < 0 and f y , g x > 0. Thus further implies that Ξ < 0, Δ > 0 and Ξ 2 > 4Δ. It follows then from Equations (33) and (34) that both λ 1 and λ 2 are negative real numbers and the system steady state is a stable node.
Dynamic Robustness vs. Power and Efficiency
The efficiency and the power output, in the steady state, are written in Equations (11) and (16), as functions of τ = T 2 /T 1 and R, for a non-endoreversible Curzon-Ahlborn engine working in the maximum ecological-like regime. In Figure 2 , we depicted the thermal efficiency as a function of τ for three different optimization criteria, namely, Maximum Power (MP), Maximum Ecological Regime (ME), and Maximum Efficient Power (MEP) [32] . In each case, we can notice that all are decreasing functions of τ for every value of R. It is important to mention that the maximum power case and the maximum efficient power case has a root for τ = R. However, in the maximum ecological regime, η = 0 happens at τ > R. In Figure 3 we graph τ as a function of R, when η = 0, for different regimes. It is clear that for the maximum power case and the maximum efficient power, the functional relation between τ and R is linear, and in the other cases the relation is not. This is a notable difference between the maximum ecological regime and the other two, in the sense that the irreversibilities represented by R in the first case reduces the parameter τ (and consequently the stability) in a linear fashion but not in the last regime.
In other words, in the maximum power case and the maximum efficient power, the irreversibilities play exactly the same role of τ because of its functional relation. Consequently, if we accept a trade-off between the stability and the parameter τ , the inclusion of irreversibilities in the engine only reduces the stability's trade-off in the same manner as we increase or decrease the irreversibilities. However, this is not the case in the ecological regime, in which if we decrease the irreversibilities of the engine, the parameter τ and the stability do not decrease as significantly. We can also say that the energetic properties of our model decay as τ increases in the maximum-ecological regime as well as in the other two other regimes. In addition, the parameter τ can only increase up to τ * ≈ 0.62 for the maximum ecological regime when the parameter R = 0.5.
Greater values of τ gives non-physical values ofη andP . In the other two cases τ can only increase up to τ = R = 0.5.
Also in a previous section we showed that both eigenvalues of the Jacobian matrix are real and negative for all values of τ and R in [0, 1], which means that the engine steady state is a stable node and allows us to define relaxation time ς i = −1/λ i , i = 1, 2. The time evolution of given perturbations from the steady state is often determined by both relaxation times, but the perturbation long-time behavior is managed by the longest relaxation time.
In Figures 4 and 5 As mentioned previously, the long-term behavior of perturbation from the steady state is dominated by the longest relaxation time, ς 1 , for all the cases. Thus, the minimum ς 1 value represents an optimal dynamic state in which the system stability is maximal. It was followed from Figure 2 that as τ increase, the thermodynamic properties degraded. Also, from Figure 4 , relaxation times decrease as τ increases, thus improving the system stability. Then, τ represents a trade-off between healthy stability and better thermodynamic properties as power or efficiency.
Dynamic Effects of the Time Delays
Recall the systems of delay differential equations given by Equations (25) and (26) . They can be written as
Following the method of McDonald [37] , the time course of small perturbations from the steady state is determined by a linear combinations of the next terms: exp(λ i t), i = 1, 2, ... where λ i are the solutions of the characteristic equation.
It is known that a common effect of time delay is to destabilize already stable steady state by inducing sustained oscillations. To analyze if it occurs, suppose that λ is imaginary (λ = iω) and substitute it into the characteristic equations, to obtain
It is possible to show, from Equations (28) (29) (30) (31) , that f x , g y < 0, while f y , g x > 0. Consequently, A, B, and D are positive.
The left-hand side of Equation (36) determines the lower branch of a horizontal parabola in the complex plane. The position of parabola's vertex is in the point (B, 0). On the other hand, the r.h.s. of Equation (36) is a unitary circle in the complex plane. The set points where these curves intersect correspond to values of ω and π where sustained oscillations arise because of a destabilization of the steady state, or vice versa. If both curves never intersect, the steady state cannot be moved from the balance by the delay π, not matter how long this is. Now, set ρ and σ to be real variables along the real and imaginary axes, respectively, of the complex plane. In terms of these variables, the equation for the parabola can be expressed as,
and the equation of circle as,
To find the set of points where both curves intersect, we solve for σ in the Equation (37) and substitute into Equation (38), it renders
By solving above equation we get the real coordinates of the intersecting points. The corresponding imaginary coordinates can be calculated be means of Equation (38) as σ = − √ 1 − ρ 2 . The solutions of Equation (39) are,
and
Before we have concluded that A and D are positive, so L is also positive and then ρ 1 > ρ 2 . Finally in Figure 6 , we show the plot ρ 2 in function of R and τ . It is worth mentioning that ρ 2 > 20 for all acceptable values of R and τ . Then the parabola, Equation (37) , and circle, Equation (38), never intersect and non-endoreversible Curzon-Ahlborn engine at ecological regime cannot be destabilized by any time delay. 
Concluding Remarks
In this paper we have extended a previous work by Paez-Hernandez [33] and Santillan [21] and studied the local stability of an endoreversible Curzon-Ahlborn engine working in the ecological regime, with inclusion of the engine inherent time delays to account for internal irreversibilities. Besides, in order to compare the ecological and Maximum power regimes, we included a third criteria named Maximum efficient power.
Our results indicate that the only effect of internal irreversibilities is to decrease the range of physically allowed values of τ = T 2 /T 1 . In an endoreversible engine, τ can vary from zero to one. However, in a non-endoreversible engine, τ depends on the value of R, where R is the parameter the measures the degree of internal irreversibilities; the shorter value of R, the more irreversible the inner Carnot-like engine.
In agreement with Santillan et al. [33] , the stability of the non-endoreversible Curzon-Ahlborn engine strengthens as τ increases. However, an important difference between this regime and the maximum power regime used in Santillan's paper or the Maximum Efficient Power regime is that the parameter τ does not depend linearly on the parameter R.
The stability of the non-endoreversible Curzon-Ahlborn engine strengthens as τ increases. Conversely, the steady-state power output and efficiency decreases as τ increases. The system thermodynamical properties optimize at τ = 0, but the stability is lost, given that the relaxation time ζ 1 diverges. On the other hand, both relaxation times minimize, so the system stability optimizes when τ reaches its upper bound, which at the same time is a function of the parameter R.
As a conclusion, the parameter τ represents a trade-off between stability strength and thermodynamic properties in a non-endoreversible Curzon-Ahlborn engine working in the ecological-power-like regime. However, the strength of τ depends on the relation between this parameter and the parameter R, and is determined by the operation regime used. This property could have an important consequence, because if we consider that the internal irreversibility affects the efficiency and stability of the engines, then it is important to take precautions to reduce internal irreversibility in the design of a heat engine working at MP (or Maximum efficient power) condition with respect to the ecological regime, since depending on its operation regime, the engine may have an increment in its stability.
The above conclusion is reinforced if we consider Figure 4 , since we can observe that for the Maximum Power and the Maximum Efficient Power, the relaxation times for a specific τ are greater than the relaxation time for the Maximum Ecological Regime. This again enhanced the idea that for the Maximum Ecological Regime, we have better stability conditions than for the other two regimes. Once we have a small perturbation to the steady state, the time in which the engine at the ecological regime returns to the steady state is less than the other two. In other words, the operation regime plays a important role for the design of engines with better stability conditions. This is because, if we consider that the trade-off between dynamical properties and thermodynamic properties is driven by the parameter τ , which in turn is a function of the parameter R, then the operation regime determines whether the relation between τ and R is linear or not and consequently enhance the stability conditions. Finally, we can say that time delays are present in many systems subject to dynamic regulation. In the non-endoreversible Curzon-Ahlborn engine, the inherent time delays are not capable of destabilizing the steady state. Thus, they do not seem to play an important role in the trade-off between energetic and dynamic properties.
